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Handed Out: Thursday 2015/03/05
Due: Thursday 2015/03/12 (before class)

FIG. 1: Spin-echo experiment.

1. (50 points) Dependence of the spin echo on pulse
phase. Above in Fig. 1 is sketched a two-pulse spin
echo experiment. In contrast with the experiment dis-
cussed in class, the pulses have arbitrary phase.

(a) Show that the propagator for the first pulse can
be written

P1 = e−iφ1Ize−i
π
2 Ixe+iφ1Iz (1)

in the δ-pulse approximation. To do this, prove
that

U e−i
π
2 IxU† = e−i

π
2 UIxU

†
(2)

(b) Take the Hamiltonian of the system, in the ab-
sence of an applied radiofrequency field, to be
H = ∆ωIz and write down an expression for the
density matrix ρ4 (see Fig. 1) in terms of the prop-
agators P1, U(t1), P2, U(t2). Leave the rotations
unevaluated.

(c) In order to carry out the rotations, you may find
it helpful to insert the identity P2P

†
2 = 1. This is

because

P2U(t1)P †2 = P2e
−i∆ωtIzP †2 = e+i∆ωtIz (3)

You might also look to insert the identity
e+iπIxe−iπIx = 1 judiciously.

(d) Show that the echo appears at time t2 = t1 and
write down how the echo phase depends on the
pulse phases φ1 and φ2.

FIG. 2: Spin-echo double resonance experiment. Top: Applied mi-
crowave pulses that act on the electron spin. Middle: Expected
rotating-frame electron spin transverse magnetization signal. Bot-
tom: Applied radiofrequency pulses that act on the nuclear spin.

2. (50 points) Electron-nuclear double resonance. See
Fig. 2. In this experiment we apply a spin echo pulse
sequence to an electron spin S = 1/2 and detect trans-
verse electron spin magnetization. The electron is cou-
pled to a spin I = 1/2 nucleus (for example, hydro-
gen). At the same time that a π pulse is applied to
the electron spin, we also apply a π pulse to the nu-
clear spin. The initial density operator of the system
is ρ(0) = cIIz + cSSz . The system is governed by the
HamiltonianH = ωIIz + ωsSz +AIzSz .

(a) Write down an expression for the density ma-
trix ρ4 (see Fig. 1) in terms of the propagators P1,
U(t1), P2, U(t2).

(b) Show that an echo occurs at time t2 = t1 and that
at this time, the density operator is given by

ρ4 = e−i2AtIzSz (−cIIz + cSSy)e+i2AtIzSz (4)

To derive this, you may find it useful to insert the
identity P2P

†
2 = 1 which allows you to use

P2e
−iHtP †2 = e−iP2HP †

2 (5)

(c) Derive a closed-form expression involving sines
and cosines for the rotation

e−i2AtIzSzSye
+i2AtIzSz (6)

(d) Given an expression for 〈Sy〉. How can the echo
height be used to infer the electron-nuclear hy-
perfine coupling constant A?
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